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Abstract
We show that the Q-function corresponding to an electromagnetic field in a lossy cavity can be
directly measured by means of a simple scheme, therefore allowing the knowledge of the state of
the field despite dissipation.
PACS numbers: 42.50.Dv, 03.65.Ta
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The reconstruction of a quantum state is a central topic in quantum optics and related
fields [1, 2]. During the past years, several techniques have been developed, for instance
the direct sampling of the density matrix of a signal mode in multiport optical homodyne
tomography [3], tomographic reconstruction by unbalanced homodyning [4], reconstruction
via photocounting [5], cascaded homodyning [6] to cite some. There have also been proposals
to measure electromagnetic fields inside cavities [7, 8] and vibrational states in ion traps [7,
9]. In fact the full reconstruction of nonclassical states of the electromagnetic field [10] and of
(motional) states of an ion [11] have been experimentally accomplished. The quantum state
reconstruction in cavities is usually achieved through a finite set of selective measurements of
atomic states [7] that make it possible to construct quasiprobability distribution functions
such as the Wigner function, that constitute an alternative representation of a quantum
state of the field.
Nevertheless, in real experiments, the presence of noise and dissipation has normally
destructive effects. Schemes that treat a lossy cavity have been proposed [8] that involve
a physical process that allows the storage of information about the quantum coherences of
the initial state in the diagonal elements of the density matrix of a transformed state. Here,
we would like to re-take the problem of reconstruction of the cavity field as studied in [7],
but allowing the cavity to have losses (i.e. a real cavity). We then will show, that although
it is not possible to reconstruct the Wigner function, it is still possible to recover whole
information about the initial state via the Q-function.
Let us first consider the ideal case of no dissipation. We consider then the Hamiltonian
for the interaction between a quantized field and a two-level atom reads (we have set ~ = 1)
Hˆ = ωaˆ†aˆ +
ωeg
2
σˆz + λ(aˆ
†σˆ− + aˆσˆ+), (1)
where aˆ† and aˆ are the creation and annihilation operators for the field mode, respectively,
obeying [aˆ, aˆ†] = 1. σˆ+ = |e〉〈g| and σˆ− = |g〉〈e| are the raising and lowering atomic
operators, respectively, |e〉 being the excited state and |g〉 the ground state of the two-level
atom. The atomic operators obey the commutation relation [σˆ+, σˆ−] = σˆz. ω is the field
frequency, ωeg the atomic frequency and λ is the interaction constant. When we have the
condition on the detuning, δ = ωeg − ω,
|δ|
λ
≫√n + 1 (2)
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for any ”relevant” photon number, we can obtain an effective interaction Hamiltonian in the
dispersive limit (see for instance [12])
HˆeffI = χaˆ
†aˆσˆz , (3)
with χ = λ2/δ.
Let us consider the atom initially in the following superposition
|ψA(0)〉 = 1√
2
(|e〉+ |g〉) (4)
and the state of the field to be arbitrary, denoted by |ψF (0)〉. If before the interaction we
displace the unknown field by a quantity α, we have the state for the total initial wave
function given by
|ψ(α; 0)〉 = 1√
2
(|e〉+ |g〉)|ψF (α; 0)〉, (5)
where |ψF (α; 0)〉 = Dˆ(α)|ψF (0)〉 with Dˆ(α) = exp(αaˆ† − α∗aˆ) is the displacement operator
with amplitude α. By calculating the average value of the electric dipole σˆx = σˆ− + σˆ+, we
obtain [7, 13]
〈σˆx〉 =
∞∑
m=0
Pm(α; 0) cos(2χmt) (6)
where the photon distribution Pm(α; 0) = |〈ψF (α; 0)|m〉|2 with |m〉 a number state. By
choosing t = π/(2χ), we end up with
〈σˆx〉 =
∞∑
m=0
Pm(α; 0)(−1)m (7)
that, except for a factor of π is the Wigner function [7, 14].
The above treatment does not consider dissipation, and it is the aim of this manuscript
to study the case when we have a dissipative cavity. The problem of the interaction of a
two-level atom with a quantized field in the dispersive regime in a cavity with losses was
treated exactly by Peixoto and Nemes [12]. Here we will use a superoperator technique to
solve it in an alternative way.
In the interaction picture, and in the dispersive approximation, the master equation that
governs the dynamics of a two-level atom coupled with an electromagnetic field in a high-Q
cavity is
3
ddt
ρˆ = −i[HˆeffI , ρˆ] + Lˆρˆ (8)
where
Lˆρˆ = 2γaˆρˆaˆ† − γaˆ†aˆρˆ− γρˆaˆ†aˆ, (9)
and ρˆ the density matrix of the system.
We define the superoperators
Lˆρˆ = −Γˆaˆ†aˆρˆ− ρˆΓˆ†aˆ†aˆ, (10)
and
Jˆ ρˆ = 2γaˆρˆaˆ† (11)
where we have defined
Γˆ = γ1ˆA + iχσˆz , (12)
with 1ˆA = |e〉〈e|+ |g〉〈g|. It is not difficult to show that
[Jˆ , Lˆ]ρˆ = −SˆΓJˆ ρˆ, (13)
where the superoperator SˆΓ is defined as
SˆΓρˆ = Γˆρˆ+ ρˆΓˆ
†. (14)
The solution to Eq. (8) subject to the initial state (5) is then given by
ρˆ(t) = e(Lˆ+Jˆ)tρˆ(α; 0) = eLˆtefˆ(t)Jˆ ρˆ(α; 0) (15)
where
fˆ(t)ρˆ =
1− e−SˆΓt
SˆΓ
ρˆ. (16)
and ρˆ(α; 0) = |ψ(α; 0)〉〈ψ(α; 0)|.
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We need to operate the density matrix with the exponential of superoperators given
above. It is not obvious how efˆ(t)Jˆ will apply on (5), and therefore we give an expression for
it
efˆ(t)Jˆ ρˆ(0;α) =
∞∑
n=0
Jˆn[Dˆ(α)|ψF (0)〉〈ψF (0)|Dˆ†(α)]× fˆn[|ψA〉〈ψA|]
n!
(17)
This is, because fˆ is an atomic superoperator, it will operate only on atomic states, and Jˆ
will operate only on field states. It is not difficult to show that
2fˆn|ψA〉〈ψA| = (1− e
−(ξ+ξ∗)t)n
(ξ + ξ∗)n
× 1ˆA + (1− e
−2ξt)n
(2ξ)n
|e〉〈g|+ (1− e
−2ξ∗t)n
(2ξ∗)n
|g〉〈e|, (18)
with ξ = γ + iχ. From (18), (17) and (15) we calculate 〈σˆx〉 and obtain
〈σˆx〉 = 1
2
∞∑
m=0
(
γ 1−e
−2ξt
ξ
)m
m!
∞∑
k=0
e−2kξt|〈k|aˆmDˆ(α)|ψF (0)〉|2 + c.c.
=
1
2
∞∑
m=0
(
γ 1−e
−2ξt
ξ
)m
m!
∞∑
k=0
e−2kξt
(m+ k)!
k!
〈k +m|ρˆ(0;α)|k +m〉+ c.c. (19)
By changing the summation index in the second sum of the above equation, withM = m+k,
we obtain
〈σˆx〉 = 1
2
∞∑
m=0
(
γ e
2ξt−1
ξ
)m
m!
∞∑
M=m
e−2Mξt
(M)!
(M −m)!〈M |ρˆ(0;α)|M〉+ c.c. (20)
Finally, we can start the second sum of (20) from M = 0 (as we would only add zeros to the
sum, because the factorial of a negative integer is infinite), and exchange the double sum in
it, to sum first over m, which gives
〈σˆx〉 = 1
2
∞∑
M=0
(
γ + iχe−2ξt
ξ
)M
〈M |ρˆ(0;α)|M〉+ c.c. (21)
By defining
θ = tan−1
(
− η + e
−2ητ [sin(2τ)− η cos(2τ)]
η2 + e−2ητ [cos(2τ) + η sin(2τ)]
)
(22)
and
µ =
(
η2 + e−4ητ + 2ηe−2ητ sin(2τ)
1 + η2
) 1
2
(23)
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with τ = χt and η = γ/χ, we can have a final expression for 〈σˆx〉
〈σˆx〉 =
∞∑
M=0
µM cos(Mθ)〈M |ρˆ(0;α)|M〉. (24)
Equation (24) in general differs from an s-parametrized quasiprobability distribution (see
for instance [14]) because for η 6= 0, i.e. the dissipative case, we will have θ 6= π and therefore
cos(Mθ) 6= ǫM , where ǫ is a parameter. However, if we consider the case when µ = 0, the
only term that survives in (24) is M = 0, and we obtain the Q-function.
〈σˆx〉 = 〈0|ρˆ(0;α)|0〉 = 〈α|ρˆ(0)|α〉 = πQ(α). (25)
To look for the value that makes µ equal to zero, we re-write, (23) for τ = 3π/4 in the
form
µ(τ =
3π
4
) =
|η − e−3ηpi/2|
(1 + η2)1/2
, (26)
and therefore, for η = exp(−3ηπ/2) we obtain µ = 0. The value for η may be easily obtained
numerically with the result ηµ=0 ≈ 0.274457. In Fig. 1 it is shown the behaviour of µ for
different values of η, for η = 0 (dashed line) µ = 1 as expected and for η ≈ .274457 (solid
line) it is seen that µ goes to zero at τ = 3π/4.
By direct measuring a quasiprobability distribution, namely the Wigner function in the
lossless case [7], i.e. for only one parameter (γ = 0), or the Q-function in our case for a range
of parameters (γ ≈ .274457χ), one can obatin complete information about the state of the
field as quasiprobability distributions contain complete information of the density matrix
[15]. Moreover the Wigner and Q functions are related by integral or differential equations,
for instance [14]
W (α) = e−
1
2
∂
∂α
∂
∂α∗Q(α). (27)
In conclusion, we have solved the dispersive interaction between a quantized elecromag-
netic field and a two level atom in the case of a real cavity (subject to losses) by utilizing
superoperator techniques. We then have used those results to show that even in the dis-
sipative case we can still obtain information about the initial cavity field by means of the
Q-function (unlike the non dissipative case [7] where it is reconstructed the Wigner function).
Both functions, being quasiprobability distributions contain complete information about the
6
state of the cavity field. In this way, we have been able to extend the range of parameters in
which complete information may be obtained in CQED, from γ = 0 to γ =≈ .274457χ, i.e.
by doing a right tuning complete information of the cavity field may be obtained despite of
cavity losses.
FIG. 1: We plot µ as a function of τ for η = 0 (dashed line), η = 0.025 (dashed-dotted line) and
η ≈ .274457 (solid line)
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